Abstract. In this article, we consider a class of Dirichlet problems with L p boundary data for polyharmonic functions in the upper-half space. By introducing a sequence of new kernel functions for the upper-half space, called higher order Poisson kernels, integral representation solutions of the problems are provided.
Introduction
In recent years, there has been a great deal of studies on integral representations of polyanalytic, metaanalytic, polyharmonic and metaharmonic functions in various types of planar or higher dimensional domains [2-13, 15-21, 24, 25] . The aim is to find integral representation solutions of some BVPs (boundary value problems) of certain partial differential equations with various types of boundary data, including the Hölder continuous, continuous, L p , Hardy, Besov, Sobolev types, and so on. The BVP types include Dirichlet, Neumann, Schwarz, Robin and some mixed problems in regular domains (in the unit disc: [2, 3, 5, [9] [10] [11] ; and in the upper-half plane: [4, 6, 8, 12, 15] ) and in irregular domains (C 1 domians [7] and Lipschitz domains: [6, 21, 24] ), as well as in Riemann manifolds [19, 20] . Among other things, polyharmonic Dirichlet problems (for short, PHD problems) arouse considerable interest.
The objective of this article is to solve the PHD problems with L p data in the upper-half space, R n+1 + (1.1)
where n ≥ 2 is a natural number, R n+1 + = R n × R + = {x = (x, y) : x ∈ R n , y ∈ R, y > 0}, x = (x 1 , . . . , x n ), ∆ ≡ ∆ n+1 :=
0 ≤ j < m, and p ≥ 1. By introducing a sequence of new kernel functions, we will give integral representation solutions of the PHD problems (1.1). The kernel functions can be regarded as higher order Poisson kernels for the upper-half space (see next section). To the authors' knowledge, this result for integral representations of the solutions of the BVPs with L p boundary data for polyharmonic equations is completely new. The existing results on such PHD problems ( [2-6, 8-10, 15-18, 21, 24, 25] and references therein) only deal with the existence and uniqueness under suitable assumptions (for example, boundedness of non-tangential maximal boundary data) as well as estimates of the solutions, but do not present a complete and coherent integral representation theory.
Higher order Poisson kernels
Definition 2.1. Let D be a simply connected (bounded or unbounded) domain in R n+1 with smooth boundary ∂D and k ∈ N ∪ {∞}, C k (D) denotes the set of the functions that have continuous partial derivatives of order 
exists for all u ∈ R n and u = v ∈ R n ; G m (·, u) can be continuously extended to
. where ω n is the surface area of the unit ball in R n+1 and equals to
, e n+1 = (0, . . . , 0, 1) ∈ R n+1 + , and for m ∈ N, 
where all limits are non-tangential [22] .
We note that the Poisson kernel for the upper-half space R n+1 + is [22] (2.1)
where x ∈ R n , y > 0, and
where x = (x, y) ∈ R n+1 + , in which x ∈ R n and y > 0; v ∈ R n , and
+ , x ∈ R n and y > 0, then for any s ∈ R, 
On the other hand, 
Therefore, from (2.6)-(2.9), by direct calculations,
for any s ∈ R. Thus, when s = 0, we can rewrite (2.4) and (2.5) as follows:
Moreover, we also have
if n is even, and
if n is odd, where (2.10 ) and c n is given by (2.3) . Then
where D 1 is given by (2.2) .
Proof. By straightforward calculations, it immediately follows from (2.11)-(2.13).
In what follows, we need to introduce ultraspherical polynomials [1, 23] ,
l , which can be respectively defined by the generating functions (2.17)
where λ = 0, 0 ≤ |r| < 1 and |ξ| ≤ 1.
have the following explicit expressions:
] denotes the integer part of l 2 . If necessary, for some special values of λ, say λ = λ 0 , the above expressions may be extended and interpreted as limits for λ → λ 0 (for example, λ 0 is a non-positive integer). Some other properties of the ultraspherical polynomials can be also found in [1, 23] .
For sufficiently large |v| ≥ |x| and any real numbers λ = 0 and s > 0,
Similarly, we have
Definition 2.5. Let f be a continuous function defined in R n that can be expanded as 
for sufficiently large |ζ|. 
=S.P.[f ](ζ) + I.P.[f ](ζ).
Theorem 2.7. Let
where
for any m and even n, or any odd n with m ≤ n+1 2 ; and 
exists for all u ∈ R n and u = v ∈ R n . Further more, G m (·, u) can be continuously extended to R n+1 + \ {(u, 0)} for any fixed u ∈ R n , i.e., the property 1 in Definition 2.2 holds.
Note that
So by the definition of the singular part,
and lim x→(u,0), x∈R
Moreover, by the definition, for sufficiently 
, by the continuity of C m,n and C m,n , we have 
where C m is a constant depending only on m, n, and the coefficient functions c m,l and c m,−k can be explicitly expressed by the ultraspherical polynomials P
and Q In what follows, we often use the truncated cone
: |x − u| < αy, 0 ≤ y ≤ η}.
2 . Take a splitting,
where u is any fixed point in R n , δ, T > 0, δ is sufficiently small while T is sufficiently large, x ∈ α,η (u), 0 < η < min{δ,
By the property 2, for sufficiently large T, x ∈ α,η (u) and |v − u| > T , we have
where M is a constant depending only on δ and T . So
The RHS of the above inequality belongs to L 1 (R n ), because 
Similarly to (2.45), by taking into account y
For x ∈ α,η (u) and |v − u| < δ <
where c m = cn β1β2···βm−1 . Therefore, 
2 . For sufficiently large T > 0, we can split
Similarly to (2.47) and (2.49), we have
2 , by (2.14) and (2.15) 
Similarly to (2.53), 
We thus conclude the property 5 of Definition 2.2. The proof is complete.
Polyharmonic Dirichlet problems in the upper-half space
In this section, we solve the PHD problem (1.1), viz.,
, m ∈ N, 0 ≤ j < m, and p ≥ 1.
To do so, firstly as a special case extension of Theorem 2.27 in [14] , we establish Proof. Fix X = (x 1 , x 2 , . . . , x n+1 ) ∈ D and j ∈ {1, 2, . . . , n + 1}, take X l = X + t l e j with lim l→+∞ t l = 0, and e j = (0, . . . , 1, . . . , 0) ∈ R n+1 whose the jth element is 1 and the other ones are zero. Denote 
